Ž . X ª Ker T, Q: X ª R T , then T has uniquely the generalized inverse 1 2Ž . T s T with respect to P, Q such that
If X , X are Hilbert spaces, we require T T * s T T, TT * s TT 1 2 Ž w x. see also Na . w x Ž . In Na , M. Z. Nashed showed that for T g B X , X with the general- Ž . Ž . We note that the condition that I q ␦ TT T maps Ker T into R T is hard to verify except for some special cases, so in this paper we will first q Ž give some conditions which are easy to check for the existence of T see . Theorem 3.2 . Then as applications of the result, we will present some results of the perturbation analysis for the operator equation Tx s b. w Some special cases for the equation Tx s b have been discussed in EH, x Na, Zi , etc.
In the next section, we describe some notations and lemmas. The q Ž . existence of T for the perturbation of T in B X , X and the estimate 1 2 q 5 5 of T are given in Section 3. Section 4 concerns the perturbation analysis for Tx s b. We conclude with some remarks in Section 5.
PRELIMINARIES
Let X be a Banach space. X is said to be reflexive if X is isometric to Ž . X* * s X**. For a subspace V in X, we denote by V the closure of V. Put
Throughout this paper we assume that X , X are Banach spaces. For
Ž . DEFINITION 2.1. We say that the Banach space X has property P if Ž . 5 5 for any x g X and V g C X there is x g V such that x y x s 0 0
Ž .
It is well known that every finite dimensional Banach space has P and Ž . Ž every reflexive Banach space also has P which can be deduced from w x . Yo, p. 126, Theorem 1; Be, p. 34, Proposition 1 .
Ž .
The following lemma connects with
X with the generalized in¨erse T and let
.
we obtain the result. Ž . 5 5 Ž . 2 Choose u g Ker T with u s 1, then Tu s ␦ T yu . Thus
2 From the identity T T s T T q T ␦T, we get that
Since Ker T ; SX , it follows that SX s Ker T.
1 1
Ž . Now we assume that T is a stable perturbation of T, then by 3.2 ,
From Proposition 3.1, we have seen that Ker T s SX , if T satisfies the 1 Ž . conditions of Proposition 3.1 2 . In the following, we will show that it is w x nothing but the condition in Na, Theorem 3.9 .
following statements are equi¨alent:
Then by Lemma 3.1,
Thus SX ; Ker T. But from the proof of Proposition 3.1, we get that 1 Ker T ; SX . Therefore SX s Ker T.
1 1 w x Proposition 3.1, Proposition 3.2, and Na, Theorem 3.9 imply the following useful corollary.
COROLLARY 3.1. Let T, T be as in Proposition
3.1. Suppose that q dim Ker T s dim Ker T -ϱ or R T l Ker T s 0. Ž .y 1q Ž .
Then T has the generalized in¨erse T s I q T ␦ T T with
X with the generalized inverse T and
bation of T and if Ker T s Ker T, then T * is a stable perturbation of T *. These special cases make Proposition 3.1 and Proposition 3.2 hold. Ž . In general, the condition that dim Ker T s dim Ker T -ϱ or R T l q Ž . Ker T s 0 is easier to check than the condition of Proposition 3.2 2 Ž .
But under what conditions is T a stable perturbation of T ? In the end of the section, we aim to solve this problem.
with the generalized in¨erse T and let
. But this is in contradiction with Ž .
0.
From Lemma 3.2, we obtain the following corollaries:
q C OROLLARY 3.3. Let T g B X , X with the generalized in¨erse T and
Ž . Proof. Applying 2.10 and Corollary 3.1 to T, T, we have
Ž . 
The T in Corollary 3.4 also dramatizes the extent to which things can go wrong in generalized inverses if the perturbation is not stable.
Ž . The following two theorems explicate the conditions that make R T l Ker T q s 0.
Ž .
q T HEOREM 3.1. Let T g B X , X with the generalized in¨erse T and
the following statements are equi¨alent:
Ž . Ž . Proof. Proposition 3.1 and Proposition 3.2 show that 1 « 2 , and Ž .
Ž . w x 2«3 comes from Na, Theorem 3.9 . Replacing T by T, T by T in Ž . Ž . Lemma 2.3, we can deduce that 3 « 4 .
Ž . Ž . w x 4 « 4 . By Ka, p. 201, Theorem 2.9 , we get that 
Now assume that T is a stable perturbation of T. Set
Ker T s 0 by Proposition 3.1 and Proposition 3.2. Therefore ␦ T can be expressed by the Ž . form in 3.5 . 
Ž .
Ž . THEOREM 4.1. Suppose that X has property P , let T g B X , X with
Ž . Ž . Ž .
Ž . Thus by 4.4 ,
Ž . Ž .
We have known that for T g B X , X with the generalized inverse T Ž . Ž . Ž .
Ž . This proves 1 . Ž .
Ž . Ž . 
CONCLUSION
In this paper, we extended some results in the perturbation analysis of bounded linear operators in Banach spaces to a more general situation. The critical point in the process of developing our theory is the concept that the perturbation of the bounded linear operator has a stable perturbation. This concept is equivalent to the rank-preserving perturbation in finite dimensional cases. Whether the concept is equivalent to the continuity of the generalized inverse in Banach spaces is not known. But at least we know that it is necessary and sufficient for the continuity of the Ž w x. generalized inverse in Hilbert spaces see CWX .
The perturbation analysis for the operator equation in Banach spaces described in this paper is much more complete. But the case discussed here is only the special case of the perturbation analysis of problem Ž . Ž . P . If X , X are Hilbert spaces, some special cases of the problem ) 1 2 w x have been discussed in DH and general cases have been investigated in w x Ž . CWX . The more general situation of the problem ) will be investigated in the future.
